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, ( $\grave{\backslash }\nearrow=$ )
, .
, Bohr-Sommerfeld . ,
:
$J_{s}( \equiv\oint_{\gamma_{S}}\sum p_{j}dq_{j})=N_{s}h$ ( $N_{s}\in \mathbb{Z},$ $h$ : Planck )
. Bohr-Sommerfeld
, , Keller, Maslov [3] ,
. – , $\backslash \grave{\nearrow}=\mathrm{L}$ ,
, ,
.
, Bohr-SomIlerfeld-Maslov ${}^{\backslash }\grave{\sqrt}\mathrm{I}$
, - , . ( $\backslash \grave{\nearrow}L\mathrm{L}$
( , ) .)
2 , ,
, Weinstein [5] : $(M, g)$ ,
$(T^{*}M, \Omega_{M}, H)$ . ,
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. (0.2) ,
$| \frac{\lambda_{k}}{(dk+1)^{2}}-E|<\frac{R’}{(dk+1)^{2}}$ .
$-:F$ ,
$\frac{1}{(dk+1)^{2}}\Delta\varphi_{k}=\frac{\lambda_{k}}{(dk+1)^{2}}\varphi k$
, $\hslash:=1/(dk+1)$ , $E$ Schr\"odinger
$\hslash^{2}\Delta\psi_{=}\mu\psi$
$\mu$
$\hslash^{2}$ , .
a . a , $(M,g)$
. , $(M,g)$ $\ominus$ ( $M$ 2 ) ,
( ) . ,
$\Omega:=\Omega_{M}+\pi^{*}M^{-}\mathrm{O}$
$(\pi_{M} : T^{*}Marrow M)$ $(T^{*}M, \Omega, H)$ . , $\Omega_{M}$
$T^{*}M$ , $H$ $g$
. – , ( $\backslash \grave{\nearrow}=$ ) , $$
$(*)$ $[\ominus/2\pi]\in H^{2}(M, \mathbb{Z})(\subset H^{2}(M,\mathbb{R}))$
. , Chern-Weil , Chern $[\ominus/2\pi]$ $M$ $\pi_{E}$ :
$Earrow M$ – , , $E$ , $(i:=\sqrt{-1})$ $\tilde{\nabla}$ $\tilde{\nabla}-$
. , $g$ $\tilde{\nabla}$ , $E$ , , 2
(Bochner-Laplacian ) $\hat{H}$ . , $=d( \sum_{j}AjdX)jr$
,
$\hat{H}=-\sum_{j.k}g(jk\nabla_{jj}-iA)(\nabla k-i\mathrm{A}k)$
. , $\nabla$ $(M,g)$ . , $m\in \mathbb{Z}$ , Chern $[m\ominus/2\pi]$
$\pi_{E}^{m}$ : $E^{m}arrow M$ Bochner-Laplacian
$\hat{H}_{m}=-\sum_{j,k}g(\nabla_{j}-imAj)(\nabla_{k}-ijk.mAk)$
. $\hat{H}$ ( $\hat{H}_{m}$ ) $(T^{*}M, \Omega, H)$ Schr\"odinger .
, $\hat{H}_{m}$ ( )
$(0\leq)\lambda_{1}(m)\leq\lambda_{2}^{(m)}\leq\cdots\leq\lambda_{j}^{(m)}\leq\cdots\uparrow+\infty$
$(T^{*}M, \Omega, H)$ , a .
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1.
, , ( ) .
$\pi$ : $Parrow M$ $\pi_{E}$ : $Earrow M$ $U(1)$ . $P$
, $E$ $\tilde{\nabla}$ . ( $\tilde{\nabla}$ .) ,
$U(1)=\{e^{it} ; 0\leq t<2\pi\}$ , $(x,t)(x\in U\subset M, t\in[0,2\pi))$ $P$ , $P$
( $P$ u(l)- 2 ) $\dot{\theta}=(di+\sum_{j}A_{j}d_{X^{j}})\otimes\partial/\partial t$ ,
$\ominus\wedge=d\hat{\theta}=\otimes\partial/\partial t$ . $M$ $g$ , $\tilde{\nabla}$ , $U(1)$ ,
Kaluza-Klein $P$ $\tilde{g}$ . , $U(1)$
$\tilde{g}$ . $\tilde{g}$ $P$ Laplace-Beltrami $\Delta_{P}$ 1
$\sqrt{\Delta_{P}}$ . $\tilde{H}$ $\Delta_{P}$ ( $T^{*}P\backslash \mathrm{O}$ ) .
$\tilde{H}$ $T^{*}P$ , , $U(1)$ (
) . $U(1)$- Marsden-Weinstein Reduction program
, , $\mu\in \mathrm{u}(1)^{*}\cong \mathbb{R}$ , $(P_{\mu}, \Omega_{\mu\mu},\overline{H})\cong(T^{*}M,$ $\Omega_{\mu’\mu}^{M}H\mathrm{I}$
. , $J$ : $T^{*}Parrow \mathrm{u}(1)^{*}$ $U(1)$
. , $\Psi_{\mu}$ : $P_{\mu}arrow T^{*}M$ $P$ $\overline{\nabla}$ , :
$\Omega_{\mu}=\Psi_{\mu}*\Omega_{\mu}^{M}=\Psi_{\mu}^{*}(\Omega_{M}+\mu\pi_{M}^{*}\ominus)$ , $\tilde{H}_{\mu}=\Psi_{\mu}^{*}H_{\mu}=\Psi_{\mu}H+|\mu|2$
. $\mathrm{u}(1)$ $\partial/\partial t$ , $\langle\mu 0, \partial/\partial t\rangle=1$ $\mu 0\in \mathrm{u}(1)^{*}$ ,
$(T^{*}M, \Omega_{\mu 0}^{M}, H_{\mu})\text{ }$ , , $(T^{*}M, \Omega, H)$
– . ( $H_{\mu\text{ }}$ $H$ .)
$J^{\cdot}$
$T^{*}P$ $\mathrm{u}(1)^{*}$
$\dagger i_{\mu}$
$P$
$\downarrow\pi$ $J^{-1}(\mu)\cong P_{\mu}(\downarrow\downarrow=\pi_{\mu}\Psi_{\mu}J-1(\mu)/S1)$
$\pi_{M}$
$M$ $T^{*}M$
: $U(1)$ $P$ $D_{t}=-i\partial/\partial t$ .
$D_{t}$
$\mathbb{Z}$ ,
$L^{2}(P)= \bigoplus_{m\in \mathbb{Z}}.\mathcal{H}_{m}$
. , $\mathcal{H}_{m}$ $f(p\cdot e^{it})=e^{imt}f(p)$ . $U(1)$
, $\Delta_{P}$ $D_{t}$ . , $\Delta_{P}$ $\mathcal{H}_{m}$ . , $D_{m}:=\Delta_{p}|_{\mathcal{H}_{m}}$
. $U(1)$ $e^{it}rightarrow e^{-imt}$ $P$ $\pi_{E}^{m}$ : $E_{m}arrow M$ . ,
$\mathcal{H}_{m}\cong L^{2}(E^{m})$ . $D_{m}$ $C^{\infty}(E_{m})$
$\acute{H}_{m}+m^{22}C$ $(C:=|\partial/\partial t|^{-1})$
28
. , $D_{m}$ { $\lambda_{j}^{(m)}+m^{2}$C2} , $\Delta_{P}$ ,
$m\in \mathrm{Z}\cup\cup\{\lambda_{j}^{(}m)C+m^{22}\}j=\mathrm{x}\infty$
.
Maslov(- ) : $L$ $(T^{*}M, \Omega)$ ( $=(T^{*}M$ , \Omega )) Lagrange .
,
$L_{P}:=$ $(\Psi_{\mu}$ $\pi_{\mu 0})^{-1}(L)\subset J^{-}1(\mu_{0})\subset\tau*P$
.
11. $L_{P}$ $(T^{*}P, \Omega_{P})$ Lagrange .
$T^{*}P$ $\Omega_{P}$ $T^{*}P$ canonical l-form $\omega_{P}$ , $\Omega_{P}=d\omega_{P}$
. , Lagrange $L_{P}$ , Maslov class $m_{L_{P}}\in H^{1}(L_{P}, \mathbb{Z})$
.
, Lagarange $L\subset(T^{*}M, \Omega)$ , :
$\not\subset$ MaSlQV($-$ ) uJ]Ef $\lfloor 0\rfloor$ \mbox{\boldmath $\delta$}.
. $$ $\ominus=d\theta$ , $T^{*}M$ 1 $\omega:=\omega_{M}+\pi_{M}^{*}\theta$
, $\Omega=d\omega$ . , $L$ (Q)
$(Q_{M})$ $L$
$\gamma$ , $\frac{1}{2\pi}\int_{\gamma}\omega-\frac{1}{4}m_{L}(\gamma)\in \mathbb{Z}$ .
.
2. ( )
, $(T^{*}M, \Omega, H)$ $\{\lambda_{j}^{(m)}\}$
? . a(Weinstein ) , (
[2] ).
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$\hat{H}_{m}$ ,
$\hat{H}_{q}=-\sum g^{j}(k\frac{1}{m}\nabla j-iA_{j})(\frac{1}{m}\nabla_{k}-iA_{k})j,k$
. $1/m=\hslash$ , $\hat{H}_{q}$ $\backslash \grave{\nearrow}Z$
$\hat{H}_{q}\psi=E\psi$
, $\hat{H}_{m}$ .
$\hat{H}_{m}\phi=Em^{2}\phi$
. , $m_{k}=dk+1=1/\hslash$ , $\lambda(\hslash):=\lambda_{jk}^{(m_{k}}/)m_{k}^{2}$ $\hat{H}_{q}$
, (2.1)
$|\lambda(\hslash)-E|<Rm_{k}^{-2}=R\hslash 2$
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. , , , : $\beta E$
( . Lagrange , $H\equiv E$ )
. $E$ ( $\hslash^{2}$ ) 4
. $(T^{*}M, \Omega, H)$ , , $n$ – $f1=H,$ $f_{2},$ $\ldots,$ $f_{n}$
,
$L$ $:=\{p\in T^{*}M;f_{i}(p)=Ci(0\leq i\leq n)\}$
Lagrange , $(\mathrm{i}),(\mathrm{i}\mathrm{i})$ .
3.
. 2
$\mathbb{T}^{2}:=S^{1}\cross S^{1}=\{(e, e)itis;0\leq t, s<2\pi\}$
2 $f(t, s)$
(3.1)
$f(t, s)= \sum_{\in\ell,m\mathbb{Z}}fl,me^{i}eltims$
. $m_{k}=dk+1(k=0,1,2, \ldots)$ , (3.1) , $(\ell, m)\neq(m_{k}, m_{k})$
, $f_{t,m}=0$ $f\in L^{2}(\mathbb{T}^{2})$ $L^{2}(\mathbb{T}^{2}; \{m_{k}\})$ . ,
$A:D’(\mathbb{T}^{2})arrow D’(P)$ :
(A-i) $E_{c}^{-1}\Delta_{P}A-AD_{\mathrm{r}},2$ $L^{2}(\mathbb{T}^{2})$ $L^{2}(P)$ .
, $E$ $:=E+C^{2},$ $D_{{}^{\mathrm{t}}\mathrm{F}^{2}}:=(-1/4)(\partial/\partial t+\partial/\partial s)^{2}$ .
(A-ii) $A:L^{2}(\mathbb{T}^{2};\{m_{k}\})arrow L^{2}(P)$ .
(A-iii) $A(e^{im_{k}(t})+s)\in \mathcal{H}_{m_{k}}$ .
$A$ . $w_{k}:=A(e^{im_{k}(t})+s)\in \mathcal{H}_{m_{k}}$ ,
$||(E_{C}^{-1}\Delta P-m_{k}^{2})wk||L2(P)$ $=$ $||(E_{c}^{-1}\Delta_{P}A-AD_{\mathrm{T}}2)e)S|im_{k(}t+|_{L^{2}()}P$
$\leq$ $M||e^{im_{k}(})|i+s|_{L^{2}}(\mathrm{T}^{2})=M$ .
, $\mathcal{H}_{m_{k}}\ni w_{k}=\sum_{j}\hat{w}_{k,j}\varphi^{(}jm_{k}$)( $\{\varphi_{jj=1}^{(m_{k})}\}\infty$ $D_{m_{k}}$ ) ,
$\nu_{j}^{(m_{k})}:=\lambda_{j}^{(m_{k}})+m_{k}^{2}C^{2}$ ,
$||’(E_{\text{ ^{}-1}}\Delta P-m_{k}^{2})w_{k}||^{2}L^{2}(P)$
$=||E_{\text{ ^{}-1}} \sum_{j}\hat{w}_{k,j\varphi_{j}}\nu_{j}-(m_{k})(m_{k})\sum mk\hat{w}jj2k,\varphi_{\mathrm{j}}^{(m_{k})}||2L^{2}(P)$
$= \frac{1}{E_{\text{ }^{}2}}\sum_{j}\{\nu^{(}jm_{k})-E_{c}m_{k}\}22|\hat{w}_{k,j}|2$
$\geq\frac{1}{E_{c}^{2}}\inf_{j}\{\nu_{\mathrm{j}}-E_{c}m_{k}^{2}\}(m_{k})2\sum_{\mathrm{j}}|\hat{w}k,j|^{2}$
$= \frac{1}{E_{c}^{2}}\inf_{j}\{\nu_{jk}-Ecm\}^{2}(m_{k})2=\frac{1}{E_{\text{ }^{}2}}\inf_{j}\{\lambda^{(m_{k}})-jmEk\}^{2}2$ .
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, (\"u) , $\sum_{j}|\hat{w}_{k_{\dot{\beta}}}|^{2}=1$ , ,
$\inf_{j}\{\lambda_{j}^{(m)}k-Em_{k}^{2}\}^{2}\leq E_{c}^{2}M$
,
$\inf_{\mathrm{j}}|\lambda^{(m_{k})}-Ejkm^{2}|\leq R$ .
, (1) $-(\mathrm{i}\mathrm{i}\mathrm{i})$ $A$
. $A$ , Lagrange $L(L_{P})$ canonical
relation $\mathrm{A}\subset(T^{*}P\backslash \mathrm{O})\cross(\tau w^{2}\backslash \mathrm{o})$ Fourier .
[5] ( [4, Ch XII, \S 4]) .
$A$ . $m_{L_{P}}\in H^{1}(L_{P}, \mathbb{Z})$ mod 4 , $m_{L_{P}}$ : $\pi_{1}(L_{P})arrow \mathbb{Z}_{4}$ ( $d$ )
$p$ : $\overline{L}_{P}arrow L_{P}(\subset^{\tau*}P)$
. $\overline{l}_{0}\in\overline{L}_{P}$ , $\alpha$ : $\overline{L}_{P}arrow S^{1}$
$\overline{l}rightarrow\exp(i\int_{\overline{\text{ }}}p^{*}\omega)$ ( $\overline{c}:\overline{\ell}_{0}$ $\overline{\ell}$ )
. , $j$ : $\overline{L}_{P}\cross \mathbb{R}^{+}\cross S^{1}arrow(T^{*}P\backslash \mathrm{o})\cross(T^{*}\mathbb{T}^{2}\backslash 0)$
$j(\overline{l}, \tau, z)=(\tau l,$ $(\alpha(z-1\overline{p}_{)}, -\mathcal{T}),$ $(Z, -\mathcal{T}))$
,
A $:=j(\overline{L}_{P}\cross \mathbb{R}^{+}\cross S^{1})$
.
31. A conic Lagrange .
A 1/2-density , A , Fourier
$A\in I^{-_{4}^{1}(}n+1)(P\cross \mathrm{T}2,\Lambda’)$
$(n=\dim M)$ , $(\mathrm{A}- \mathrm{i})-(\mathrm{A}-\mathrm{i}\mathrm{i}\mathrm{i})$ . , (A-ii)
. , $A^{*}A:L^{2}(\mathbb{T}^{2})arrow L^{2}(\mathbb{T}^{2})$ $-1/2$ Fourier
, $L^{2}(\mathbb{T}^{2} ; \{m_{k}\})$ .
.
1. ( $S^{2}$ , can) i.e., $\ominus=$ (volume $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$ ) $/2$ . , $U(1)$ ,
, Hopf $\pi$ : $S^{3}arrow S^{2}$ , $\hat{H}_{m}(m\in \mathbb{Z})$
$\lambda_{j}^{(m)}=(j+\frac{|m|}{2})(j+\frac{|m|}{2}+1)-\frac{m^{2}}{4}$ $(j=0,1,2, \ldots)$ .
, $(T^{*}S2, \Omega, H)$ ,
$E_{n}=(n+ \frac{1}{2})(n+\frac{3}{2})$ $(n=0,1,2, \ldots)$
32
([6]). , Lagrange $L$ , $m_{L}(\gamma)$ , $d=2$
. $j_{k}:=(2n+1)k+n$ , $\forall k\in \mathrm{N}\cup\{0\}$ ,
$\lambda_{j_{k}}^{()}-(22k+1k+1)2En=-1/4$
.
2. 2 – . 3 Heisenberg
$H_{1}:=\{(x, y, z)$$:=$ ; $x,$ $y,$ $z\in \mathrm{R}\}$
,
$\Gamma:=\{(_{X}, y, Z)\in H_{1}; x, y, z\in \mathbb{Z}\}$
$P=\Gamma\backslash H_{1}$ ( ) . $P$ , $S^{1}=\{(0,0, z)\in H_{1} ; 0\leq z<1\}$
( ) , $P/S^{1}$ 2 $\mathrm{T}^{2}$ .
, $U(1)$
$\pi$ : $Parrow \mathbb{T}^{2}$ ; $[(x, y,,z)]\vdasharrow[(x, y)]$
.
$H_{1}$ $(x, y, z)$ , 3
$e_{1}:=\partial/\partial x,$ $e_{2}:=\partial/\partial y+X\partial/\partial z,$ $e_{3}:=\partial/\partial z$
$H_{1}$ . $H_{1}$ , $e_{1},$ $e_{2},$ $e_{3}$
. , $P$ $\tilde{g}$ . , $\mathbb{T}^{2}$ , $\pi_{*}(e_{1})=\partial/\partial x,$ $\pi_{*}(e_{2})=\partial/\partial y$
, $\mathbb{T}^{2}$ , $\pi$ Riemannian submersion
.
$P$
$P$ , $e_{1},$ $e_{2}$ $H_{p}(\subset T_{p}P)$ $P$ $\tilde{\nabla}$ .
, , $\theta=2\pi(dz-Xdy)$ , $=-2\pi dx\wedge dy$ ( ) .
Schr\"odinger $\hat{H}_{m}(m\in \mathbb{Z})$
$\lambda_{j}^{(m)}=2\pi|m|(2j+1)$ $(j=0,1,2, \ldots)$
, $\lambda_{j}^{(m)}$ $|m|$ ([1]).
$(T^{*}\mathrm{T}^{2}, \Omega, H)$ , , .
, Lagrange $L(\subset T^{*}\mathbb{T}^{2})$’ ,
$L_{P}(=(\Psi_{\mu_{0}}\pi\mu_{0})^{-}1(L))=$ { $[(x,$ $y,$ $z,\xi,$ $\eta,$ $2\pi)]\in T^{*}P;\tilde{H}=E+(2\pi)^{2},$ $\eta=\eta_{0}$ (const)}
. $L$ ( $L_{P}$ ) ,
$E=2\pi(2n+1)(n=0,1,2, \ldots)$ , $\eta_{0}\in 2\pi \mathbb{Z}$
. $j_{k}:=(2n+1)k+1$ , $\forall k\in \mathrm{N}\cup\{0\}$ ,
$\lambda_{j_{k}}^{(2k+1)}=(2k+1)^{2}E_{n}$ $(En:=2\pi(2n+1))$
.
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